Abstract. Let Q be an n × n symmetric matrix with integral entries and with det Q = 0, but not necesarily positive definite. We describe a generalized LLL algorithm to reduce this quadratic form. This algorithm either reduces the quadratic form or stops with some isotropic vector. It is proved to run in polynomial time. We also describe an algorithm for the minimization of a ternary quadratic form: when a quadratic equation q(x, y, z) = 0 is solvable over Q, a solution can be deduced from another quadratic equation of determinant ±1. The combination of these algorithms allows us to solve efficiently any general ternary quadratic equation over Q, and this gives a polynomial time algorithm (as soon as the factorization of the determinant of Q is known).
There are various methods in the literature for solving homogeneous quadratic equations q(x, y, z) = 0 over Q. Mathematicians seem to be unanimous in saying that the first step consists of reducing to the diagonal case, that is, to Legendre equations of the type ax 2 + by 2 + cz 2 = 0. As we will see in Section 4.2, this is a good idea in theory, but disastrous in practice: the determinant of the new equation (which has to be factored) can become extremely large, even if the original one has only a couple of digits. After this classical reduction, the ways differ according to the authors.
The most often described method to solve the Legendre equations is probably the method of Lagrange, which consists of a Fermat descent: we can deduce a solution for this equation from the solution of a similar equation, but with smaller coefficients (see for example [6, Ch. IV, §3] or [9, Ch. IV, §3.3] ): the main drawback of this method is the need to factor many large numbers. Although it seems a theoretical necessity to factor the determinant, no other factorization is justified. Cochrane and Mitchell in [2] and Cremona and Rusin in [4] give ways to avoid all unnecessary factorizations. The corresponding algorithms are efficient, but can not be used for solving general quadratic equations without doing the disastrous reduction to the diagonal case.
According to [2] , the solutions of ax 2 + by 2 + cz 2 = 0 lie in a lattice of covolume 2|abc| (defined by congruences modulo a, b and c), and a smallest vector of this lattice will give a solution. If we use an efficient algorithm for finding small vectors in a 3-dimensional lattice (for example LLL as described in [3, §2.6] or the algorithm of Vallée, [10] ), it will give us a solution. However, the authors of [2] consider small vectors for a definite quadratic form, which is not the initial quadratic form.
DENIS SIMON
Although it is easy to define (consider only the absolute value of the coefficients!), it is not naturally attached to the problem. I do not see how to generalize it to the nondiagonal case.
The method of [2] is not that far from the one developed by Gauss in [5, sections 272, 274, 294] , except that Gauss reduces directly the indefinite quadratic form for the same lattice. As is noted in [1, p. 98] , the method of Gauss consists of two steps:
(1) Compute square roots modulo a, b and c, and build another quadratic form with determinant −1. (2) Reduce and solve this new quadratic form.
However, Cassels ([1, p. 98]) says about it that "Gauss's proof of the existence of h(x) is explicit but not very transparent, which perhaps explains why it is not often reproduced in the literature", where the notation h(x) refers to the quadratic form with determinant −1. Another comment about it is given in [4] : "Without a fast method of carrying out such a reduction, Gauss's methods of solving Legendre's equation are much slower than the method we presented above."
The goal of this paper is to present a fast method for reducing unimodular quadratic forms, which is a generalization of the LLL-algorithm to indefinite quadratic forms, so step 2 of the algorithm of Gauss is now fast. We also give a process of minimization for a solvable quadratic form, which is a generalization of step 1 to a general ternary quadratic form. We prove that the complete algorithm runs in polynomial time (except for the step of factorization of the initial determinant). We give at the end some numerical examples and the corresponding timings.
Notation
M n (Z) = set of n × n matrices with entries in the ring Z. GL n (Z) = subset of M n (Z) defined by det(Q) = ±1. Id(n) = n × n identity matrix. F p = finite field with p elements.
1. Reduction of unimodular quadratic forms of small dimension 1.1. Reduction of positive definite quadratic forms. Consider a positive definite quadratic form q over Z n . We write x · y for the underlying scalar product and 
Algorithm 1.2 (LLL
2 , exchange b k and b k−1 , and set
This version of the algorithm is absolutely not optimized, but it makes the proofs easier. It is also possible to work directly on the Gram matrix Q and not on the vectors.
Let γ = 
1.2.
Reduction of indefinite quadratic forms. We consider here a situation close to the situation of Section 1.1. We now allow q to be indefinite, but we restrict to Q ∈ M n (Z). With the same notation, note that x 2 may be nonpositive for x = 0.
What happens if we apply Algorithm 1.2 for this quadratic form? As it stands, it is not clear that it finishes. However, we can replace the test in step 4 by the same one with absolute values (this is natural since the quantities involved do not need to be positive any more, and we want to make (b * k−1 ) 2 decrease only in absolute value): 
where
Proof. We only have to consider the case where it never finds a solution of q(x) = 0, so that all the steps of the algorithm are well defined. We shall first show why this algorithm finishes after a polynomial number of steps. The reason is exactly the same as for the usual LLL, and we reproduce the proofs given in [3, §2.6] .
is the determinant (up to sign) of the minor of Q defined by its k first rows and columns; hence d k is an integer. Each time we make an exchange at step 4, d k−1 strictly diminishes by a factor at least c −1 > 1, whereas the other d j do not change. This proves that the algorithm terminates polynomially.
It is clear that at the end, we have
2 have the same sign.
We have in this case
2 have opposite signs. In this case
It remains to prove the last inequality. Since we have assumed that the algorithm does not find any solution of q(x) = 0, the integer |(b 1 ) 2 | must be at least 1. We
, and we get the result for a general q.
Consider now the particular case of q indefinite. Since the quadratic form is indefinite, the sequence (b *
As we have seen earlier, we have
The difference with the general case is therefore the factor (γc) −(n+1−k) . We have n + 1 − k 1, and the upper bound c < 1 gives (γc)
: we have the conclusion. Proof. The lower bound given for c gives us exactly γ n(n−1)/2 < 2 n . Using Theorem 1.4, we see that when the algorithm does not find a solution, it finishes with a reduced basis such that 1 Proof. The proof is similar to the proof of Theorem 1.6, using the inequality given in Theorem 1.4 for q indefinite.
Remark 1.9. The improved lower bounds for c are given numerically in Table 2 . 
Minimization of solvable ternary quadratic forms
Let q(X, Y, Z) be a quadratic form, defined by a 3 × 3 symmetric matrix Q with integral entries. We assume in this section that the determinant of Q is not 0. Our goal is to find a nontrivial integral solution (or rational, but this is clearly equivalent) for q(X, Y, Z) = 0. The existence of such a solution is classically equivalent to the existence of a solution in each p-adic field Q p and in R (see for example [6] ). It is also well known that for an odd prime p not dividing det Q, a solution always exists. This existence is given by several Hilbert symbols which are easy to compute if we know the factorization of det Q. Hence, we shall assume in this section that this factorization is known and that a nontrivial p-adic solution always exists. This last assumption is not very important, since it can be deduced from our algorithm; however, it is not an efficient way to prove (or disprove) it.
The aim of this section is to minimize the solvable ternary quadratic form q. This means that we will build another quadratic form q , equivalent to q, but with determinant ±1, such that a solution of q can be deduced from a solution of q . The strategy is to work with one prime divisor p of det Q at a time and to divide successively the determinant by p, until it is ±1.
We shall prove
Theorem 2.1. Let Q ∈ M 3 (Z) be a symmetric matrix with det Q = 0 and such that the quadratic equation x t Qx = 0 has a nontrivial local solution in Q p for all primes p dividing det(Q). Then, there is a matrix V ∈ M 3 (Z) with the following properties:
det(V ) = | det(Q)|, Q = 1 det(Q) V t QV ∈ M 3 (Z), det(Q ) = ±1 .
As soon as the factorization of det(Q) is known, there is an algorithm for finding V in at most O(ln 4 (| det(Q)|)) operations. There is a constant κ > 0 such that the coefficients of
We will repeatedly use the over-line to denote the reduction mod p.
Computing the kernel mod p.
In this section, we want to find the kernel of a matrix mod p and lift the corresponding base change (given by a matrix in GL n (F p )) to GL n (Z). This is done in a single algorithm. Consider the following algorithm:
In this algorithm, we write x mod p for the integer x ∈ Z such that p | (x − x ) and |x | p 2 (for p = 2, we choose x to be 0 or 1). We also write M k for the kth column of M . Proof. This is a corollary of Proposition 2.3. Now Q will be a symmetric matrix in M 3 (Z), such that the quadratic form x t Qx is solvable over Q p .
5-For all
1 k j − 1 set α = uM i,k mod p, M k = M k − αM i+d and U k = U k − αU i+d . Reduce M mod p. 6-Set i = i − 1. If i > 0,
Proposition 2.5. Let p be a prime such that v p (det(Q)) = 1 and such that the quadratic equation x t Qx has a nontrivial solution in Q p . There is a matrix
Proof. From Lemma 2.4, we have dim Fp (kerQ) = 1. Let U be given by Algorithm 2.2 and Q = U t QU . Let x 1 , x 2 , x 3 be the canonical basis of Z n . We know that Q x 1 is divisible by p and in particular Q 1,1 = x t 1 Q x 1 is divisible by p. But this last quantity cannot be divisible by p 2 since v p (det(Q )) = 1. Let x = α 1 x 1 +α 2 x 2 + α 3 x 3 be a nontrivial p-adic solution of x t Q x = 0. After rescaling, we can assume
is divisible by p by construction, so we have the conclusion.
This proposition corresponds to the following algorithm: Algorithm 2.6. Assume a symmetric matrix Q ∈ M 3 (Z) and a prime number p satisfying the conditions of Proposition 2.5. This algorithm returns the matrix V ∈ M 3 (Z) described in this proposition. 1-Let U be given by Algorithm 2.2. Set Q = U t QU . This proposition corresponds to the following very simple algorithm:
2-If
Algorithm 2.14. Assume a symmetric matrix Q ∈ M 3 (Z) and a prime number p satisfying the conditions of Proposition 2.13. This algorithm returns the matrix
Remark 2.15. This algorithm clearly runs in O(ln 2 (p)) bit operations. We deduce from Proposition 2.3 that the coefficients of V are O(p 2 ).
Now we get the proof of Theorem 2.1, just by putting together all the previous results and applying these algorithms to each prime p dividing det Q and by noting (again !) that the factorization of det Q must be given because we do not know how to compute it nearly so quickly. This algorithm is part of Algorithm 3.1 given subsequently.
Remark 2.16. The constant κ involved in the bound for V is not explicit. In order to get an explicit bound, we should do a careful analysis of the bounds in Algorithms 2.6, 2.11 and 2.14 and be able to derive an explicit bound when we multiply all the different V together. However, this bound for V should not be too far from O(| det Q| 3 ) which gives the bound O(M | det Q| 5 ) for Q where M is a bound for the coefficients of Q. In any case, we have det Q = O(M 3 ), so that the algorithm for finding V is polynomial time, and Q is always bounded by a power of M . Otherwise let B be the matrix of the reduced basis, and let Q = B t QB (this matrix is diagonal with coefficients ±1). Find a solution of x t Q x = 0 and return W Bx.
As we have seen, if the coefficients of Q are bounded by M , the size of the minimized matrix 1 det Q W t QW is bounded by a polynomial in M . The analysis of Algorithm 1.3 shows therefore that the complete algorithm runs in polynomial time as soon as the factorization of the determinant is known.
3.2. An important special case: Legendre equations. We specialize in this section to the case where the symmetric matrix Q ∈ M 3 (Z) is diagonal. The quadratic form is now q(x, y, z) = ax 2 + by 2 + cz 2 . The equation q = 0 is known as a Legendre equation. We can assume that a, b, and c are integral and pairwise coprime, and, if we know their factorizations, that they are squarefree. Assume q = 0 has a local solution in Q p for all primes p and in R. It is known that this condition is equivalent to the existence of a solution in Q. In this situation, it is possible to do all the minimization steps described in Section 2.2 for all primes in a single step. The only remaining thing to do for solving q = 0 is to use Algorithm 1.3. 
Proof. This theorem is essentially a reformulation of [5, p. 294] . It is also a special case of Theorem 2.1. Remark 3.3. As we have seen for Proposition 2.5, the 2-adic solubility is not necessary in this theorem.
The full algorithm for solving the Legendre equation aX 2 + bY 2 + cZ 2 = 0 corresponds to the following: 
Numerical examples
4.1. Legendre equations. We test our algorithm on the values given in [4] , and we reproduce the notation: the coefficients are of the form 10 k + ε. There are 100 test values for each k 200 and only 5 for k = 500. In these examples, the equation is rationally solvable, and the coefficients are known to be primes, a fact which is explicitly used in the algorithm so that no factorization is needed. Our implementation is written in GP and runs with an Athlon 900 MHz processor. In Table 3 the time indicated for the certificate (first column) is the time for the computation of the square roots modulo p (steps 1 and 2 of Algorithm 3.4). The time indicated for the reduction (second column) is the time for the second part of Algorithm 3.4 (steps [3] [4] [5] , that is, essentially for Algorithm 1.3. The times are expressed in seconds.
4.2.
A huge example from 2-descent on elliptic curves. In [8] we have seen that the algorithm of 2-descent on elliptic curves over a number field K uses the solution of several quadratic equations over K. It was suggested there to solve them using the standard algorithm, which starts by a diagonalization and then uses either a standard algorithm for Legendre equations if the equation is over Q, or an algorithm for solving norm equations (for example as described in [7] ) if we are over a number field. However, if we work over Q, this is not a good idea, since the diagonalization step multiplies the determinant of the equation by its first coefficient, which may be impossible to factorize, compared to the determinant. If we use our new method, the factorization of the determinant is known in advance, 
